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Abstract
0XVLF DQG PDWKHPDWLFV DUH ERWK VLJQ V\VWHPV ZKLFK RYHUODS LQ PDQ\ ZD\V 7KH SURMHFW ³6RXQGLQJ ZD\V LQWR
mathematics” aims to direct attention to the interconnections between music and mathematics, and to promoting
creative didactic ways to combine them in the classroom. The underlying theory of semiotic bundles describes how
FRPPXQLFDWLRQDQGOHDUQLQJGHSHQGVRQVLPXOWDQHRXVXVHRIGLIIHUHQWVLJQV\VWHPV7KHSURMHFWLVSDUWRIWKH(XURSHDQ
Music Portfolio. Contributors from teacher education institutions in seven European countries cooperatively develop
materials. Examples are collected in a teacher handbook which also provides theoretical background on the musicPDWKDFWLYLWLHVIRUWKHFODVVURRP,QLWVODVWSKDVHWKHSURMHFWFRQGXFWVWHDFKHUHGXFDWLRQFRXUVHVLQVHYHUDO(XURSHDQ
countries with regards to the practice of combining music and mathematics.
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Introduction26
Music and mathematics share an odd character: many people believe that they are not good at one or
WKHRWKHU7KHSURMHFW³(XURSHDQ0XVLF3RUWIROLR±6RXQGLQJ:D\VLQWR0DWKHPDWLFV´ (030DWKV DLPV
towards a different understanding. Everyone can sing and make music, and everyone can do mathematics.
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This text is an excerpt from the EMP-Maths Teacher Handbook (Mall, Spychiger, Vogel, & Zerlik, 2016)
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Both topics are integral parts of our life and society. What needs to be improved is our ability to give students
opportunities to like them.
7KHSURMHFW³6RXQGLQJ:D\VLQWR0DWKHPDWLFV´LVDFROODERUDWLRQRIVHYHQWHDFKHUWUDLQLQJLQVWLWXWHVLQ
order to develop a CPD (continuous professional development) course, that trains teachers in transversal
OHDUQLQJ WHFKQLTXHV IRFXVHG RQ PXVLF DQG PDWKHPDWLFV ,W LV DFWXDOO\ LQ LWV ¿QDO SKDVH DQG PRVW RI LWV
SXEOLFDWLRQVDUHUHDG\IRUGRZQORDGIURPWKHSURMHFWVZHEVLWHPDWKVHPSRUWIROLRHX7KHSURMHFWZDVIXQGHG
by the European Union through the Lifelong Learning Programme.
7KLV DUWLFOH KLJKOLJKWV VRPH RI WKH FRUH FRQFHSWV EHKLQG WKH SURMHFW SDWWHUQ UHFRJQLWLRQ PXVLF DQG
mathematics as sign systems, perception and action and making experiences. Finally we want to introduce
two activities developed for use in the classroom, that are part of the CPD courses provided by the EMPMaths consortium.
Pattern recognition. 3DWWHUQUHFRJQLWLRQLV¿UVWRIDOOSD\LQJDWWHQWLRQWRWKHFRQQHFWLQJSDWWHUQ %DWHVRQ
2002, p. 16) and therefore is a basic human activity that is bound to awareness. Some theories claim that
attention is rhythmically organised (Auhagen, 2008, p. 444). Attention to, and awareness of, connecting
PHFKDQLVPVFDQEHREVHUYHGLQFKLOGUHQYHU\IUHTXHQWO\DQGWKH\RIWHQLQFOXGHH[SUHVVLRQVRIKDSSLQHVV
5RSH VNLSSLQJ MXPSLQJ PXGG\ SXGGOHV DQG PDNLQJ UK\WKPLF QRLVHV ZLWK VWLFNV RQ IHQFHV DUH KDSS\
childhood activities. The human capability for rhythmic synchronisation, as well as pattern recognition,
EHJLQVLQHDUO\FKLOGKRRGDQGVHHPVWREHHQFRXUDJHGE\GDQGOLQJEDELHVRQWKHNQHHV )LVFKLQJHU .RSLH]
2008, p. 459).
+XPDQVKDYHWKHFDSDFLW\WRIROORZUK\WKPLFSDWWHUQVIURPWKH¿UVW([SHULPHQWVZLWKQHZERUQEDELHV
prove this very fact in that they are able to differentiate between rhythmic and non-rhythmic clicks (Gembris,
SI (YHQHDUO\RQZKLOHÀRDWLQJLQWKHZRPERIWKHPRWKHUWKHLUOHJPRYHPHQWVVKRZSDWWHUQV
of tempo, which are in time with the mother’s heartbeat (Gruhn, 2005, p. 126). These early rhythmic musical
DELOLWLHVKDYHLQFRPPRQWKHEDE\¶VFDSDELOLW\RIUHFRJQLVLQJSDWWHUQVDQGWXQLQJLQWRWKHPRUDV%M|UQ
Merker has put it, can “entrain to a repetitive beat” (Merker, 2000, p. 59). Later, entrainment is obvious
in countless activities, mostly through play; for example, with a ball in groups, in increasingly complex
activities – such as when accompanying rhythmic language patterns and rhymes with movement – and in
singing activities.
$QRWKHULPSRUWDQWDVSHFWRISDWWHUQUHFRJQLWLRQLVFODVVL¿FDWLRQRUchunking (Jourdain, 2001, p. 163).
Chunks are small packages of information that we can handle as one unit. Chunks are treated hierarchically.
From small chunks, bigger ones are created. From those, further and bigger chunks are built, and so on. As
DPDWWHURIIDFWZHFUHDWHSDWWHUQVLQRUGHUWRFKXQN/LVWHQLQJWRDFRQVWDQWVHTXHQFHRIVLPLODUWRQHVOHDGV
to building groups of two or three (Auhagen, 2008, p. 439), and therefore building (rhythmical) patterns.
Alikeness, nearness and similar behaviour are all features that enable mental pattern recognition. Not only
can we recognise patterns, but we also construct them and give meaning to them.
)RUH[DPSOHWKHVLJQL¿FDQFHRIFKXQNVIRUWKHLQWHUDFWLRQZLWKSDWWHUQV 9RJHOS EHFRPHV
important during the exploration of geometrical patterns. “During the exploration it is important that the base
HOHPHQWVRUXQLWVRIWKHSKHQRPHQRQDUHIRXQG´ LELG 2QO\WKHLGHQWL¿FDWLRQRIWKHVHEDVHXQLWVHQDEOHV
WKHPDWKHPDWLFDODQDO\VLVRIFRPSOH[RUQDPHQWVDQGFODUL¿HVWKHIDVFLQDWLRQRIPDWKHPDWLFV&RPSRVHUV
use this capacity in order to write polyphonic pieces for monophonic instruments. They group tones in a way
that means our ear and mind “hear” two or more different voices.
Pattern recognition is an important task for hearing sounds (Bharucha & Mencl, W. Einar, 1996).
5HFRJQLVLQJWKHVRXQGVRILQVWUXPHQWVDQGRFWDYHHTXLYDOHQFHLVDSDWWHUQUHFRJQLWLRQWDVNDVLVRXUDELOLW\
WRFDWHJRULVHWRQHV&'()*$DQG%DVDPDMRUVFDOHDQGUHFRJQLVHWKHVDPHPHORG\ZKHQLWLVSOD\HGLQ
different keys. This shows “that pitch and key can serve to gate spectra into pitch-invariant representations”
(Bharucha & Mencl, W. Einar, 1996, p. 149). Bharucha et al. suggest that “western listeners seem to have
a highly elaborated representation of keys and their relationships” (ibid., p. 148). Several studies show that
this is also important for sight-singing ability (Fine, Berry, & Rosner, 2006). This is especially the case with
WKHDELOLW\WRSUHGLFWIROORZLQJWRQHVLQVHTXHQFHVWKLVDELOLW\LVEHWWHUZKHQWKHVHWRQHVDUHSDUWRIWRQDO
melodies or well-known patterns.
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The need for pattern recognition and synchronisation is rooted in nature. Small animals that hunt bigger
RQHVV\QFKURQLVHWKHLUVWHSVLQRUGHUWRFDWFKWKHP )LVFKLQJHU .RSLH]S DQGFKLPSDQ]HHV
synchronise their voices in order to increase the distance at which they can be heard (Merker, 2000).
7KH FKLOGKRRG JDPHV PHQWLRQHG DERYH DV ZHOO DV DFWLYLWLHV VXFK DV URSH VNLSSLQJ MXPSLQJ PXGG\
puddles and dancing, are occasions to practise coordination and pattern recognition (Spychiger, 2015a).
Pattern recognition and grouping enable us to do things simultaneously: marching, rowing, clapping
and playing symphonies. Doing things together (and letting others know about it) enforces the group,
DWWUDFWVIHPDOHVDQGNHHSVHQHPLHVDZD\WKLVLVWUXHDWDUHFUHDWLRQSODFH¶VFDPS¿UHDVZHOODVGHHSLQWKH
MXQJOHZKHUHFKLPSDQ]HHVGRH[DFWO\WKHVDPHWKLQJ 0HUNHU :KHQWKLQJVDUHGRQHLQFRPSOHWH
synchronisation, they are louder and more effective. Pattern recognition therefore is at the core of the shared
characteristics in mathematical and musical activities.
In all kinds of human activities, people show how they are not only capable of recognising patterns, but also
of creating and producing them. This takes us to the semiotic function circle model, which offers the integration
RIWKRVHWZRDVSHFWVLQKXPDQEHKDYLRXU±SHUFHSWLRQDQGDFWLRQDVH[SODLQHGLQWKHQH[WFKDSWHU ¿JXUH 
Music and mathematics as sign systems
Early semiotic theories described communication as a linear process where information was directly
WUDQVIHUUHGIURPRQHSHUVRQWRWKHRWKHU&KDUOHV63HDUFHDVDQDOWHUQDWLYHGHYHORSHGWKHWULDGLFFODVVL¿FDWLRQ
RI WKH VHPLRWLF SURFHVV ZLWK WKH VXEMHFW±REMHFW±VLJQ V\VWHP 6WLOO WKLV V\VWHP GH¿QHV FRPPXQLFDWLRQ
SURFHVVHV0XVLFWKHUHIRUHZDVQRWVHHQDVDVLJQV\VWHP¿UVWRIDOOEHFDXVHLW³KDVQRWDQREMHFWWRVLJQLI\´
(Spychiger, 2001, p. 55), and also because it is not the basis of a valid communication process.
Alfred Lang (1993) developed a semiotic model based on how a person relates to the world. It looks at sign
systems as the basis of human perception and action in an ongoing way, as shown in the semiotic function
FLUFOH ¿JXUH 277KLVDSSURDFKGHQLHVWKHQHHGIRUDGLVWLQFWLRQEHWZHHQVXEMHFWDQGREMHFWDQGLQVWHDG
distinguishes between processes that “take place withinWKHSHUVRQDQG>«@outside of the person” (Spychiger,
S XVLQJWKHWHUPV³SUHVHQWDQW´ LQWKHSODFHRIWKHREMHFW DQG´µLQWHUSUHWDQW´ LQWKHSODFHRIWKH
VXEMHFW 0XVLFDOPHQWDOSURFHVVHVWKHQWDNHSODFHLQDFLUFXODUZD\Dmusical perception (‘IntrO’, what
comes in) leads to a musical e[perience (‘IntrA’, what takes place within the person) that can evoke musical
production (‘ExtrO’, what goes out from the person into the world). “These musical actions then manifest
themselves outside of a person: as musical culture” (which is ‘ExtrA’, ibid., p. 58). This point closes the circle,
ZKLFKWKHQFUHDWHVQHZRSSRUWXQLWLHVRIPXVLFDOSHUFHSWLRQDJDLQ DVWKHDUURZVVKRZLQ¿JXUH 

Figure 1. General psychological model of the person–world relationship. Semiotic function circle
(according to Spychiger, 2001).
27

Summarised in Spychiger (2001, p. 56).
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Understanding music as an independent sign system again makes it possible for us to compare this system
with other systems, e.g. mathematical ones, without neglecting the independent reason for music. We can
VHDUFKIRUDQG¿QGPXVLFDOSULQFLSOHVWKDWFDQEHH[SODLQHGPDWKHPDWLFDOO\0XVLFLVIXOORIV\PPHWULHVDQG
notation is a system with mathematical accuracy.
With the linear thinking left behind, many more sign systems were possible and more communicative
aspects (gestures, mimics) could be seen as independent sign systems. In actual communication, all these
V\VWHPVLQWHUDFWDQGEXLOGDVHPLRWLFEXQGOH $U]DUHOOR ,QPRGHUQHGXFDWLRQDOWKHRULHVIRUWHDFKLQJ
and learning, these bundles play an important role, because, with this approach, teaching processes and
interaction in the classroom can be described much more precisely.
With music and mathematics being proper sign systems and the theory of semiotic bundles, interdisciplinary
SURMHFWVPD\JDLQQHZPHDQLQJ-XVWDVJHVWXUHVDQGPLPLFU\FRPSOHPHQWDXUDOFRPPXQLFDWLRQPDWKHPDWLFV
can be used to explain music, and vice versa.
Although we do not believe that music is a mathematical system and vice versa, there are numerous
FRQQHFWLRQVEHWZHHQERWKZRUOGV %DPEHUJHU%UQLQJ&KULVWPDQQ/RUHQ] :LWK
the concept of semiotic bundles, we want to develop creative learning environments28 to bring together
several semiotic systems.
Perception and action
Perception and action are central elements in the semiotic function circle, which describes person–world
interaction: perception brings information into the person while, through the action, the person interacts with
WKHZRUOG,QVLGHWKHSHUVRQSHUFHSWLRQFUHDWHVNQRZOHGJHDQGDFWLRQFUHDWHVFXOWXUHLQWKHZRUOG VHH¿JXUH 
In music education, this unity was not always obvious, as music education for many years was nothing
more than singing lessons. Only in the 1920s (in Germany), with the reform of Leo Kestenberg, did music
HGXFDWLRQGHYHORSWR¿QGDSODFHLQWKHVFLHQWL¿FFRPPXQLW\EHFRPLQJDFRQFHUQLQWHDFKHUHGXFDWLRQDV
well as in schools.
Still, action and perception were concurrent aspects in the philosophy of music education for a long time
(Spychiger, 1997). Especially well known is the discussion between Bennett Reimer and David Elliott.
5HLPHURQWKHRQHKDQGFODLPHGWKDW³VFKRROPXVLFSURJUDPVH[LVW>RQO\@WRSURYLGHFRPPXQLWLHVZLWK
DYDULHW\RIVRFLDOVHUYLFHV´ 5HLPHUS $VDFRQVHTXHQFHKHZDQWHGWRVWUHQJWKHQSHUFHSWLRQ
of music in the curriculum, and provide students with aesthetic experiences while learning about the great
musical artworks.
David Elliott, on the other side, criticised the prevalence of classical music in the curriculum and
corresponding teaching concepts, especially the lack of acceptance of affective elements (Elliott, 1987).
Together with Christopher Small, Elliott supports music making – musicking – as a central element in the
classroom (Elliott & Silverman, 2014; Small, 1998). The semiotic function circle explains the importance
of both elements – action and perception – for music education (Spychiger, 1997), as has been shown in the
general model for human life as a whole.
In modern mathematics education, the interplay of perception and action also gets more and more
important as students use action and perception cycles to develop mathematical understanding. A central
element of mathematics is the close look 7KH LGHQWL¿FDWLRQ RI SDWWHUQV DQG WKHLU WUDQVODWLRQ LQWR D VLJQ
system is a central mathematical task. Repetitions and, therefore, regularities can be found by observing
the written symbols. These regularities are the basis for mathematical insights. During the lessons, students
reconstruct this approach. Mathematical tasks serve as stimuli for activities performed on paper. With the
analyses of these activities, based on perception, regularities are found and transformed into awareness.
The discovery of mathematical aspects in everyday phenomena works in the same way. A modelling
process transfers central aspects of the real situation into a realistic model that contains the central structural
elements of the real situation. This is the foundation of a mathematical model. Action forces children to
discover mathematical regularities and structural principles in the classroom. Here, making mathematics
would be the corresponding concept to musicking – making music. All the activities shown in the EMP-Maths
28

Such learning environments are shown in more detail in chapter 4.1 of the EMP-Maths Teacher Handbook (Mall,
Spychiger, Vogel, & Zerlik, 2016, p. 19)
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Teacher Handbook (Mall, Spychiger, Vogel, & Zerlik, 2016) combine elements of action and perception to
open minds and encourage emotions.
Making experiences
7KHDFWLYLWLHVGHYHORSHGLQWKLVSURMHFWDUHPHDQWWRRSHQWKHOHDUQLQJHQYLURQPHQWVLQZKLFKPDWKHPDWLFDO
and musical experiences can be formed. Musical and mathematical content are merged. They should provide
insights for both topics. Interdisciplinary learning environments frame this content differently and therefore
DOORZH[SHULHQFHVWKDWDUHQRWSRVVLEOHLQVXEMHFWRULHQWHGOHDUQLQJVLWXDWLRQV
As John Dewey (1925; 1980/1934) understood it, “experience” is an “interactive, comprehensive event
that contains not only cognitive but also affective, emotional and aesthetic components” (Neubert, 2008,
pp. 234–235). We follow his approach in not putting cognition at the centre of learning, but instead –
³H[SHULHQFH´)LUVWEHIRUHUHÀHFWLRQDQGWKLQNLQJZHDUHLPPHUVHGLQIHHOLQJVDHVWKHWLFSHUFHSWLRQDQG
current situational impressions (ibid., p. 235).
$VHTXHQFHLVWDNHQLQWXLWLYHO\RXWRIWKH³VWUHDPRIHYHQWV´ 6S\FKLJHUES DQGLVWXUQHG
LQWRDQH[SHULHQFHIURPWKLVHPSKDVLV5HDOH[SHULHQFHLVDWHPSRUDOO\OLPLWHGXQLWZLWKHPRWLRQDOTXDOLW\
descriptive character and nameable content: “Those things, of which we say in recalling them, ‘that was an
H[SHULHQFH¶>«@±DTXDUUHOZLWKRQHZKRZDVRQFHDQLQWLPDWHDFDWDVWURSKH¿QDOO\DYHUWHGE\DKHLU¶V
EUHDWK>«@WKDWPHDOLQD3DULVUHVWDXUDQW>«@´ 'HZH\S $FFRUGLQJWR'HZH\H[SHULHQFHV
are additionally marked by their communicative character. Through interaction, people can participate in the
experiences of others and potentially gain other perspectives on their own experiences (cf. Neubert, 2008,
p. 238).

Figure 2.9LVXDOL]LQJWKHFRQFHSWRIH[SHULHQFHUHODWHGWR-RKQ'HZH\   6S\FKLJHUS 

Against the background of Dewey, the EMP-Maths activities provide learning environments where
experiences are possible.
The EMP-Maths activities are developed to provoke entangled mathematical and musical events (see
¿JXUH 7KHVLWXDWLRQDOEDVHIRUWKHSDUWLFLSDQWVWRKDYHQHZH[SHULHQFHVZLWKPDWKHPDWLFVDQGPXVLFRU
ERWKLVFUHDWHGWKURXJKWKHIRFXVRQDVHOHFWLRQRIVLQJXODUHYHQWVIRUH[DPSOHWKURXJKUHÀHFWLRQDQGJURXS
discussions. This approach can help to change the unconscious image of mathematics and music through
experiences in the EMP-Maths activities.
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Activities
The presentation of activities in all publications follows the concept of didactic design patterns (Vogel
& Wippermann, 2011). Design patterns describe general solutions for repeating problems in standardised
ZD\VWKURXJKIRUPDOVWUXFWXUHV7KHIRUPDOVWUXFWXUHLQWKH(030SURMHFWFRQVLVWVRIWKHSDUWVoverview,
preparatory deliberations, implementation and variations, of which implementation describes the actual
content together with a standard approach. The use of design patterns makes not only the process of
developing activities easier, but also helps teachers to easily access all necessary information.
Clapping the lowest common multiple of 2, 3 and 5
This activity uses body percussion elements to let students discover the lowest common multiple of 2, 3
and 5. First, the students learn body percussion patterns, each related to the numbers 2, 3 and 5. All patterns
HQGZLWKDFODSRIWKHKDQGVDQGXVHGLIIHUHQWERG\WLPEUHV VQDS¿QJHUVVODSWKLJKVSRXQGFKHVWVWRPS
foot), so they can more easily heard separately. In different steps, students learn to play their body percussion
SDWWHUQZKLOHFRXQWLQJWR7KHQGLIIHUHQWJURXSVSHUIRUPWKHLUSDWWHUQVVLPXOWDQHRXVO\¿UVWDQGXQWLO
all three groups play together, still counting to 30.
Clapping and counting shows the multiples of each number through the clap of the hand. Every time,
WZRJURXSVKDYHWKLVVRXQGWRJHWKHUDFRPPRQPXOWLSOHLVIRXQGZLWKWKH¿UVWDSSHDUDQFHEHLQJWKHORZHVW
common multiple. Finally, reaching 30, all three groups clap together, showing the lowest common multiple
of 2, 3 and 5.
Twinkle, twinkle little star
This song offers multiple opportunities to introduce patterns, symmetries and reÀections (using a mirror)
to students. Depending on what musical element students focus, they will discover different patterns. It also
provides students with the possibility to express themselves using their voice.
6WXGHQWV VWDUW WKLV DFWLYLW\ E\ VLQJLQJ WKH VRQJ VHYHUDO WLPHV7KH\ WKHQ ¿QG WKHLU RZQ ZD\ WR QRWDWH
WKH VRQJ IROORZLQJ XSV DQG GRZQV (DFK RI WKHVH VWHSV LV DFFRPSDQLHG E\ TXHVWLRQV DERXW SDWWHUQV DQG
V\PPHWULHV 6WHS E\ VWHS VWXGHQWV ZLOO GLVFRYHU PHORGLF DQG UK\WKPLF SDWWHUQV EXLOG UHÀHFWLRQV XVLQJ
PLUURUVDQGFRPSDULQJWKHVHUHÀHFWLRQVZLWKWKHLURZQGUDZLQJ)LQDOO\WKH\XVHPRWLIVRIWKHVRQJLQRUGHU
to create their own patterns and learn to sing them.
This activity is not especially bound to the given song, but with many available versions it is a good
VWDUWLQJSRLQW$QGLQWKHHQGVWXGHQWVFDQOLVWHQWRWKHYDULDWLRQVWRWKLVVRQJFRPSRVHGE\:$0R]DUW
Conclusion
7KH SURMHFW µ(030DWKV 6RXQGLQJ :D\V LQWR 0DWKHPDWLFV¶ DLPV WR KLJKOLJKW WKH FRQQHFWHGQHVV RI
music and mathematics in every day live through classroom activities that are short and simple. Music and
PDWKHPDWLFVSOD\WKHUROHRIHTXDOSDUWQHUVLQDPRGHUQLQWHUGLVFLSOLQDU\WHDFKLQJDSSURDFK
7HDFKHUVDUHHQFRXUDJHGWRMRLQWKHQHZO\GHYHORSHG&3'FRXUVHVLQRUGHUWRLPSOHPHQWWKHLGHDVLQ
the classroom. More information, as well as further activities and an online collaboration platform can be
DFFHVVHGWKURXJKWKHSURMHFW¶VZHESDJHKWWSPDWKVHPSRUWIROLRHX
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